Abstract. We classify semi-Riemannian submersions with connected totally geodesic fibres from a real pseudo-hyperbolic space onto a semi-Riemannian manifold under the assumption that the dimension of the fibres is less than or equal to three. Also, we obtain the classification of semi-Riemannian submersions with connected complex totally geodesic fibres from a complex pseudo-hyperbolic space onto a semi-Riemannian manifold under the assumption that the dimension of the fibres is less than or equal to two. We prove that there are no semi-Riemannian submersions with connected quaternionic fibres from a quaternionic pseudo-hyperbolic space onto a Riemannian manifold.
Introduction and main results
Riemannian submersions, introduced by O'Neill [One1] and Gray [Gra] , have been used by many authors to construct specific Riemannian metrics. A systematic exposition can be found in Besse's book [Bes] . In this paper, we obtain classification results for semiRiemannian submersions with totally geodesic fibres.
We first recall briefly some related work on the classification problem of semi-Riemannian submersions. Escobales [Esc1, Esc2] and Ranjan [Ran1] classified Riemannian submersions with connected totally geodesic fibres from an n-sphere S n , and with connected complex totally geodesic fibres from a complex projective n-space CP n , respectively. Ucci [Ucc] showed that there are no Riemannian submersions with fibres CP 3 from the complex projective space CP 7 onto S 8 (4), and with fibres HP 1 from the quaternionic projective space HP 3 onto S 8 (4). In [Ran2] , Ranjan obtained a classification theorem for Riemannian submersions with connected totally geodesic fibres from a compact simple Lie group. Gromoll and Grove obtained in [G-G1] that, up to equivalence, the only Riemannian submersions of spheres (with connected fibres) are the Hopf fibrations, except possibly for fibrations of the 15-sphere by homotopy 7-spheres. This classification was invoked in the proof of the Diameter Rigidity Theorem (see [G-G2] ) and of the Radius Rigidity Theorem (see [Wil] ). Using an approach different from , Wilking [Wilk] proved that a Riemannian submersion π : S m → B b is metrically equivalent to the Hopf fibration for (m, b) = (15, 8) and obtained an improved version of the Diameter Rigidity Theorem as a consequence of his classification theorem. In comparison, there are few classification results for semi-Riemannian submersions, and the consequences seem to be at least as important as those for Riemannian submersions. In [Mag] , Magid proved that the only semi-Riemannian submersions with totally geodesic fibres from an anti-de Sitter space onto a Riemannian manifold are the canonical semiRiemannian submersions H 2m+1 1 → CH m . In [Ba-Ia] , the present author and Stere Ianuş classified semi-Riemannian submersions with connected totally geodesic fibres from a pseudo-hyperbolic space onto a Riemannian manifold, and with connected complex totally geodesic fibres from a complex pseudo-hyperbolic space onto a Riemannian manifold. The aim of this work is to prove new classification results in the theory of semiRiemannian submersions analogous to those in Riemannian geometry. It is my pleasure to thank Professor Stere Ianuş for useful discussions on this subject. Now, we list the main results proved in this paper.
Theorem 1.1. Let π : H n+r s+r ′ → B n s be a semi-Riemannian submersion with connected totally geodesic fibres from a pseudo-hyperbolic space onto a semi-Riemannian manifold. If the dimension of the fibres is less than or equal to 3, then π is equivalent to one of the following canonical semi-Riemannian submersions: (A) B is an isotropic semi-Riemannian manifold, which means that for any x ∈ B n s and any real number t, the group of isometries I(B n s , g ′ ) preserving x acts transitively on the set of all nonzero tangent vectors X at x for which g ′ (X, X) = t, or (B) index (B) ∈ {0, dim B}.
Then π is equivalent to one of the following canonical semi-Riemannian submersions:
(a) H Theorem 1.3. Let π : CH n s → B be a semi-Riemannian submersion from a complex pseudo-hyperbolic space onto a semi-Riemannian manifold. Assume that the fibres are connected complex totally geodesic submanifolds, and one of the following conditions is satisfied:
(A) The real dimension of the fibres is r ≤ 2, or (B) B is an isotropic semi-Riemannian manifold, or Theorem 1.4. There exist no semi-Riemannian submersions π : HH n s → B with connected quaternionic fibres from a quaternionic pseudo-hyperbolic space onto an isotropic semi-Riemannian manifold or onto a semi-Riemannian manifold of index(B) ∈ {0, dim(B)}.
Preliminaries and examples
In this section we recall several notions and results which will be needed throughout the paper. We also exhibit the construction of canonical semi-Riemannian submersions.
Definition 2.1. Let (M, g) be an (n + r)-dimensional connected semi-Riemannian manifold of index s + r ′ , and (B, g ′ ) an n-dimensional connected semi-Riemannian manifold of index s, where 0 ≤ s ≤ n, 0 ≤ r ′ ≤ r. A semi-Riemannian submersion (see [One2] ) is a smooth map π : M → B which is surjective and satisfies the following axioms:
(a) π * | p is surjective for all p ∈ M; (b) the fibres π −1 (b) , b ∈ B, are semi-Riemannian submanifolds of M;
(c) π * preserves scalar products of vectors normal to fibres.
We shall always assume that the fibres are connected, the dimension of the fibres dim M − dim B > 0 and dim B > 0. The vectors tangent to fibres are called vertical and those normal to fibres are called horizontal. We denote by V the vertical distribution and by H the horizontal distribution.
The geometry of semi-Riemannian submersions is characterized by O'Neill's tensors T , A (see [One1] , [One2] ) defined for vector fields E, F on M by
where ∇ is the Levi-Civita connection of g, and v and h denote the orthogonal projections on V and H, respectively. For basic properties of O'Neill's tensors see [One1] , [One2] , [Bes] or [Ian] .
Definition 2.2. (i) A vector field X on M is said to be basic if X is horizontal and π-related to a vector field X ′ on B.
(ii) A vector field X along the fibre π −1 (x), x ∈ M, is said to be basic along π −1 (x) if X is horizontal and π * p X(p) = π * q X(q) for every p, q ∈ π −1 (x).
We notice that each vector field X ′ on B has a unique horizontal lift X to M which is basic. For a vertical vector field V and a basic vector field X we have h∇ V X = A X V (see [One1] ). We denote by R, R ′ andR the Riemann curvature tensors of M, B and of the fibre π −1 (x), x ∈ M, respectively. We choose the convention for the curvature tensor F ] . The Riemann curvature tensor is defined by
For O'Neill's equations of a semi-Riemannian submersion we refer to [One1] or [Bes] .
Definition 2.3. Two semi-Riemannian submersions π, π ′ : (M, g) → (B, g ′ ) are said to be equivalent if there exists an isometry f of M which induces an isometryf of B so that
We shall need the following theorem, which is the semi-Riemannian version of Theorem 2.2 in [Esc1] .
Theorem 2.4. Let π 1 , π 2 : M → B be semi-Riemannian submersions from a complete connected semi-Riemannian manifold M onto a semi-Riemannian manifold B. Assume that the fibres of these submersions are connected and totally geodesic. Let f be an isometry of M satisfying the following properties at a given point p ∈ M :
where A i are the integrability tensors associated with π i .
Then f induces an isometryf of B so that the pair (f,f) is a bundle isometry between π 1 and π 2 . In particular, π 1 and π 2 are equivalent.
Escobales's proof of Theorem 2.2 in [Esc1] , also works in this semi-Riemannian case. He proves that for any b ∈ B which can be joined with π 1 (p) by a geodesic we have:
, and (ii) f maps the fibre π
We notice that for any x ∈ π −1 1 (b) with b ∈ B, which can be joined with π 1 (p) by a geodesic, the conditions (1) and (2) are also satisfied for the point x. Since M is connected, B is also connected. Therefore, any point b ∈ B can be joined with π 1 (p) by a broken geodesic. Repeating the argument above, for any corner point of this broken geodesic, we see that for any b ∈ B, f maps the fibre π −1 1 (b) into a fibre.
Definition 2.5. Let ·, · be the symmetric bilinear form on R m+1 given by
. For any c < 0 and any positive integer s, [Wol] ).
Definition 2.6. Let (·, ·) be the Hermitian form on C m+1 given by
, which is endowed with the induced metric of
The natural action of [Wol] ).
We shall denote by HH n s the quaternionic pseudo-hyperbolic space of real dimension 4n, and of quaternionic index s with quaternionic sectional curvature −4, and by S n and S n (4) the spheres with sectional curvature 1 and 4, respectively.
By a standard construction (see Theorem 9.80 in [Bes] ), one can obtain many examples of semi-Riemannian submersions with totally geodesic fibres of type π : G/K → G/H, where G is a Lie group and K, H are closed Lie subgroups of G with K ⊂ H. In this way the following canonical semi-Riemannian submersions, also called generalized Hopf fibrations, are obtained:
Example 3. a) Let G = Spin(1, 8), H = Spin(8), K = Spin(7). Then we have the semi-Riemannian submersion (see [Ba-Ia] )
. Then we have the semi-Riemannian submersion (see [Bes] )
In order to prove Theorem 1.2, we need the following nonexistence proposition, which is the semi-Riemannian version of Proposition 5.1 in [Ran1] . We notice that the case t = 2 is Proposition 5.1 in [Ran1] . For the case t = 0, see [Ba-Ia] . Here we only recall some details of Ranjan's proof and suggest its modification to the semi-Riemannian case. Ranjan's argument in [Ran1] , which leads to a contradiction to the assumption of the existence of such a submersion, is based on finding for every
Hence, H p splits into two 8-dimensional irreducible Cl(V p )-modules. Since the induced metrics on fibres are negative definite, we obtain in a manner similar to Ranjan's proof that 
Proof of the main results
The next lemma gives useful properties of O'Neill's integrability tensor.
Lemma 3.1. Let π : M → B be a semi-Riemannian submersion with connected totally geodesic fibres from a semi-Riemannian manifold M with constant curvature c = 0. Then the following assertions are true:
(a) If X is a horizontal vector such that g(X, X) = 0, then the map A X : V → H given by A X (V ) = A X V is injective and the map A *
Proof. (a) By O'Neill's equations, we get
for a horizontal vector field X and for vertical vector fields V and W . Thus A * X A X V = −cg(X, X)V for every vertical vector field V . Therefore A X : V → H is injective and
for horizontal vector fields X, Y and Z. If X, Y , Z are basic vector fields, then g(A X Y, A X Z) is constant along the fibre
Lemma 3.2. If π : M → B is a semi-Riemannian submersion with connected totally geodesic fibres from a semi-Riemannian manifold M with constant curvature c = 0 onto a semi-Riemannian manifold B, then the tangent bundle of any fibre is trivial.
. . , Y r be the horizontal liftings along the fibre π
is constant along the fibre π −1 (π(p)) and
we see that {v 1 , v 2 , . . . , v r } is a global orthonormal basis of the tangent bundle of the fibre π −1 (x), which makes the tangent bundle trivial.
We suppose that the curvature of the total space is negative. The case of positive curvature can be reduced to the negative one by changing simultaneously the signs of the metrics on the base and on the total space. We establish relations between the dimensions and the indices of fibres and of base spaces, and see how the geometry of base spaces looks like. (1) n = k(r + 1) for some positive integer k and s = q 1 (r ′ + 1) + q 2 (r − r ′ ) for some nonnegative integers q 1 , q 2 with q 1 + q 2 = k. (2) If, moreover, M is a simply connected complete semi-Riemannian manifold and the dimension of fibres is less than or equal to 3, then B is an isotropic semiRiemannian manifold and r ∈ {1, 3}.
Proof. Normalizing the metric on M, we can suppose c = −1. Let p ∈ M. Since the tangent bundle of the fibre π −1 (π(p)) is trivial, we can choose a global orthonormal frame {v 1 , v 2 , . . . , v r } for the tangent bundle of
and card{i|ε i < 0} = r ′ .
(1) Let X be the horizontal lifting along the fibre π
for a horizontal vector field Y and for a vertical vector field V . Along the fibre π −1 (π(p))
we obtain for every i, j ∈ {1, . . . , r}
Thus {X, A X v 1 , . . . , A X v r } is an orthonormal system. Hence n ≥ r + 1. Let L 0 = X. For every integer α such that 1 ≤ α < n/(r + 1), let L α be a horizontal vector field along the fibre π −1 (π(p)) such that L α is the horizontal lifting of some unit
. Therefore, for j ∈ {1, . . . , r} and α, β ≥ 0, we get
By O'Neill's equations, we obtain
for basic vector fields X, Y and for vertical vector fields U, V . Thus, along the fibre π −1 (π(p)) we get for every α, β ≥ 0 and j, l ∈ {1, . . . , r}
Since A Lα L β = 0 along the fibre π −1 (π(p)), it follows that
We proved that for some positive integer k,
is an orthonormal basis of H along the fibre π −1 (π(p)). Thus dim B = (1 + dim fibre)k for some positive integer k. Counting the timelike vectors in L, we get index(B) = q 1 (r ′ + 1) + q 2 (r − r ′ ) for some nonnegative integers q 1 , q 2 with q 1 + q 2 = k. 
′ are orthonormal bases, we see that φ is a linear isometry.
We shall apply Theorem 2.4. Thus we need to prove that φ(A E F ) = A φ(E) φ(F ) for every E, F ∈ T p M. Indeed, we obtain for α, β ∈ {0, . . . , k − 1} and j, l ∈ {1, . . . , r},
Lemma 3.4. A Lα v j is a basic vector field along the fibre π −1 (π(p)) for every 1 ≤ j ≤ r and α ≥ 0.
Hence A Lα v j is a basic vector field along the fibre π −1 (π(p)) if and only if the following conditions are satisfied: g(A Lα v j , Z 1 ) is constant along π −1 (π(p)) for every Z 1 ∈ ker A * X , which is a basic vector field along π −1 (π(p)), and g(A Lα v j , Z 2 ) is constant along the fibre π −1 (π(p)) for every Z 2 ∈ ker A * Lα , which is a basic vector field along π −1 (π(p)). If
we get along the fibre π −1 (π(p))
X , which is a basic vector field along π −1 (π(p)).
We proved that A Lα v j is a basic vector field along π −1 (π(p)) for every α ≥ 0 and j ∈ {1, . . . , r}.
We denote by∇ the induced Levi-Civita connection on the fibre π −1 (π(p)).
Proof of Lemma 3.5. By the relation (3.1) together with Lemma 3.4, we obtain for i, j, l ∈ {1, . . . , r} and α, β ≥ 0 that
In the last equality we used the fact that v j = A X Y j is a Killing vector field along the fibre π −1 (π(p)) (see [Bis] or [Bes] ). Thus
Lemma 3.6. The following assertions are true: 
for every i, j ∈ {1, . . . , r}.
(a) The case r = 2 is not possible. Indeed, if r = 2, then the relation
and each fibre has constant curvature −1. So we get a contradiction.
(c) In the case r = 3 we shall prove g(∇ v 1 v 2 , v 3 ) is constant along the fibre π −1 (π(p)).
Since O'Neill's integrability tensor A is skew-symmetric, it follows that∇
We also obtain
It is easy to see that
is constant along π −1 (π(p)). Also, we compute for α ≥ 1
On the other hand, Y 3 is, by definition, the horizontal lift-
For r = 3, we choose v
If we repeat the argument above for the basis {v
, in both cases r = 1 and r = 3, we get for every α, β ≥ 0 and i, j, k ∈ {1, . . . , r}
By Corollary 2.3.14 in [Wol] we see that φ :
Therefore B is an isotropic semi-Riemannian manifold. This completes the proof of Theorem 3.3.
If the metric on the base space is negative definite, the following lemma follows from Theorem 3.3.
Lemma 3.7. If π : M → B is a semi-Riemannian submersion with connected totally geodesic fibres from an (n + r)-dimensional semi-Riemannian manifold M of index r ′ + n and of constant negative curvature onto an n-dimensional semi-Riemannian manifold B of index n, then r ′ = r.
Proof. By Theorem 3.3, we have n = q 1 (r ′ + 1) + q 2 (r − r ′ ) = (q 1 + q 2 )(r + 1) for some nonnegative integers q 1 and q 2 . Hence 0 = q 1 (r − r ′ ) + q 2 (r ′ + 1). Since the right hand side is the sum of two non-negative numbers, it follows that q 1 (r − r ′ ) = 0 and q 2 (r ′ + 1) = 0.
Therefore q 2 = 0. This implies r ′ = r.
Remark. Changing simultaneously the signs of metrics on the total space and on the base space, any semi-Riemannian submersion, under the assumptions of Lemma 3.7, becomes a Riemannian submersion with totally geodesic fibres from a sphere onto a Riemannian manifold. This case was completely classified by Escobales (see [Esc1] ) and Ranjan (see [Ran1] ).
Proposition 3.8. Let π : M → B be a semi-Riemannian submersion with connected totally geodesic fibres from a complete simply connected semi-Riemannian manifold M onto a semi-Riemannian manifold B. Then B is simply connected and complete.
Proof. If M is geodesically complete, then so is B (see [Bes] or [Ba-Ia] ). Since M is a complete semi-Riemannian manifold and the fibres are totally geodesic, any fibre is also geodesically complete. By a theorem in [Rec] , it follows that the horizontal distribution H is an Ehresmann connection. Therefore, by [Ehr] , we see that π is a fibre bundle. So we obtain an exact homotopy sequence:
Thus π 1 (B) = 0.
By Theorem 12.3.2 in [Wol] , we know that any connected, simply connected isotropic semi-Riemannian manifold is isometric to one of the following semi-Riemannian manifolds: 
Proof. For each tangent vectors X ′ , Y ′ of B, we have the following formulas for the curvature tensors:
c)} and I 0 is the natural complex structure on B, then
(ii) If B ∈ {HP m t (c), HH m t (c)} and I 0 , J 0 , K 0 are local almost complex structures which give rise to the quaternionic structure on B, then 
By these explicit formulas for curvature tensors, in all cases we obtain the inequalities (3.2) and (3.3).
First, we shall discuss the case of a base space with nonconstant curvature.
Lemma 3.10. If π : H n+r s+r ′ → B n s is a semi-Riemannian submersion with connected totally geodesic fibres from an (n + r)-dimensional pseudo-hyperbolic space H n+r s+r ′ of index s + r ′ > 1 onto an n-dimensional isotropic semi-Riemannian manifold B n s of index s with nonconstant curvature, then the induced metrics on the fibres are negative definite and B is isometric to one of the following semi-Riemannian manifolds:
Proof. Since dim H = k(dim V + 1) for some positive integer k, we get dim H ≥ dim V + 1. Let X be a horizontal vector field along a fibre π −1 (π(p)) such that g(X, X) = 0 and X is the horizontal lifting of some tangent vector of B. First, we shall prove that dim H > dim V + 1.
bijective. For every Y ∈ X ⊥ we get Y = A X V for some vertical vector V . It follows that
for every horizontal vector field Y along π −1 (π(p)). Hence B has constant curvature is a contradiction. We established that dim H > dim V + 1. So we can find a horizontal vector field Z along the fibre π −1 (π(p)) such that Z ∈ ker A * X , g(X, Z) = 0, g(Z, Z) = 0 and Z is the horizontal lifting of some Z ′ ∈ T π(p) B. We then have
Since B is a simply connected isotropic semi-Riemannian manifold with nonconstant curvature, we see that B is isometric to one of the following semi-Riemannian manifolds: First, we suppose that B is isometric to one of the following semi-Riemannian manifolds:
By the inequality (3.2), we get
for every vertical vector V . Since X and Z are basic vector fields along π −1 (π(p)) with g(X, Z) = 0 and A X Z = 0 along π −1 (π(p)), it follows from the relation (3.1) that A Z V ∈ ker A * X . On the other hand, by the inequality (3.2), we get
Hence g(X, X)g(Z, Z) ≤ 0 and g(X, X)g(
So for any vertical vector V we get
Since the induced metrics on fibres are nondegenerate, it is not possible to have both (3.7) and (3.8). So we obtain the required contradiction. It follows that B is isometric to one of the following semi-Riemannian manifolds:
We shall now prove that c = −4. Suppose (c/4) + 1 = 0. By the inequality (3.3), we get
for every horizontal vectors X and Y . We have the following cases:
and that one of the following conditions is satisfied:
, where {I 0 , J 0 , K 0 } are local almost complex structures which give rise to the quaternionic structure on HH On the other hand, we can choose horizontal vector fields X, Z such that g(X, Z) = 0, Z ∈ ker A * X and g(X, X)g(Z, Z) < 0, because 0 < index B < dim B. Then the inequality (3.9) becomes (c/4) + 1 < 0. So we get a contradiction.
By the hypothesis of Case (b), we get (c/4) + 1 ≤ 0. On the other hand, the inequality (3.9) becomes (c/4) + 1 > 0. So we get a contradiction.
We have proved c = −4. The inequality (3.3) then becomes
for a vertical vector field V and for a horizontal vector field X. Hence
Therefore the induced metrics on fibres are negative definite.
By Lemma 3.10, we deduce the following proposition. (1) n = 2m > 2, s = 2t, r = r ′ = 1 for some non-negative integers m, t, and B n s is isometric to CH m t .
(2) n = 4m > 4, s = 4t, r = r ′ = 3 for some non-negative integers m, t, and B t for some m > 1. Let x ∈ B and let X ′ ∈ T x B such that g ′ (X ′ , X ′ ) = 0, and let F X ′ be the subspace in
Let p ∈ π −1 (x) and let X be the horizontal lifting vector at p of X ′ . By O'Neill's equations, 
We have the following possibilities:
(1) B n s is isometric to CH m t . So n = 2m, s = 2t. From the geometry of the complex pseudo-hyperbolic space (see relation (3.4)), we get dim F X ′ = dim H − 1. It follows that r = r ′ = dim V = 1.
(2) B n s is isometric to HH m t . So n = 4m, s = 4t. From the geometry of the quaternionic pseudo-hyperbolic space (see relation (3.5)), we get dim
(3) B n s is isometric to the Cayley pseudo-hyperbolic plane CaH 2 t . So n = 16, s ∈ {0, 8, 16}. From the geometry of the Cayley pseudo-hyperbolic plane (see relation (3.6)), we obtain dim F X ′ = dim H − 7. Hence r = r ′ = dim V = 7. Now, we discuss the remaining case s + r ′ = 1. From s + r ′ = 1, we have either
n is a semi-Riemannian submersion with totally geodesic fibres from an anti-de Sitter space onto a Riemannian manifold. In this case, investigated by Magid in [Mag] , it follows that B is isometric to the complex hyperbolic space CH m and r = r ′ = 1.
For s = 1, r ′ = 0, we get, by Theorem 3.3, 1 = q 1 + q 2 r ≥ q 1 + q 2 with q 1 + q 2 = k = n/(r + 1). Thus q 1 + q 2 = 1. It follows that n = r + 1. Hence
has constant curvature −4, which contradicts our assumption of nonconstant curvature of the base space.
We shall now discuss the case where the base space is of constant curvature. We give the following obstruction to the existence of semi-Riemannian submersions in terms of the index of base space.
Lemma 3.12. There are no semi-Riemannian submersions π : H n+r s+r ′ → B n s with connected totally geodesic fibres from an (n + r)-dimensional pseudo-hyperbolic space of index s + r ′ onto an n-dimensional semi-Riemannian manifold of index s with constant curvature, where 0 < s < n.
Proof. Let X be a horizontal vector and V a vertical vector such that g(X, X) = 0 and g(V, V ) = 0. By O'Neill's equations, we have
If B has constant curvature, then the curvature of B should be −4. Therefore, by O'Neill's equations (see (9.29c) in [Bes] ), for a horizontal vector Y we get
By polarization of (3.13), we get
for horizontal vectors Y and Z . Therefore
⊥ , from which follows that A * ,⊥ X is injective. Hence dim H − 1 ≤ dim V. By Lemma 3.1, we get A X : V → X ⊥ is injective.
We proved that dim H − 1 = dim V, which means that n = r + 1. If 0 < s < n, then we can choose horizontal vectors X, Y such that g(X, X) = 1 and g(Y, Y ) = −1. Let {v 1 , v 2 , . . . , v r } be an orthonormal basis of the tangent bundle of the fibre π −1 (π(p)),
the proof of Theorem 3.3, for every i ∈ {1, . . . , r} we have
It follows that s = r − r ′ and s = r ′ + 1. Therefore r = 2r ′ + 1 and n = 2r ′ + 2.
We shall prove that there are no semi-Riemannian submersions π :
with totally geodesic fibres. Since the fibre
Riemannian manifold of index r ′ and since B is an (2r
It is easy to see thatH is a complete totally geodesic submanifold in H 4r ′ +3 2r ′ +1 and thatH is isometric to a hyperbolic space. Let {X 2r ′ +2 , . . . , X 4r ′ +3 } be an orthonormal basis in TpH,p ∈H, and let {X 1 , . . . , X 2r ′ +1 } ⊂ TpH 4r ′ +3 2r ′ +1 be an orthonormal basis of the normal bundle of the submanifoldH. Since H 4r ′ +3 2r ′ +1 is a frame-homogeneous space (see [One2] , or a strong isotropic manifold, cf. [Wol] ), we have an isometry φ :
2r ′ +1 and T p H = span{Y 2r ′ +2 , . . . , Y 4r ′ +3 }. Therefore H has constant curvature −1. By Lemma 14 on page 105 in [One2] , one sees that H is a unique complete, totally geodesic semi-Riemannian submanifold such that 
Let τ be the horizontal lifting of τ ′ , with p = τ (0). Sincė
Let q ∈ H. Since H is isometric to the real hyperbolic space H 2r ′ +2 , there is a unique geodesic γ in H joining p with q. We denote by X = h(γ(0)) and V = v(γ(0)) the horizontal and vertical components ofγ(0), respectively. If X = 0, then the geodesic γ is contained in the fibre π −1 (π(p)), since the fibres are totally geodesic. Hence π(q) = π(p) ∈ B ′ . If V = 0, then γ is a horizontal geodesic and hence π • γ is a geodesic in B. Since B ′ is totally geodesic in B, the geodesic π • γ is contained in B ′ . Therefore
For X = 0, V = 0, we denote by γ 0 the geodesic given by the initial conditions γ 0 (0) = p andγ 0 (0) = h(γ(0)) ∈ T p H. Let H 2 be the unique complete totally geodesic submanifold in H passing through p with T p H 2 = span{X, V }. Since H 2 is isometric to a real hyperbolic plane, we can choose a point q 0 ∈ H 2 on the geodesic γ 0 such that there exists a unique geodesic in H 2 , denoted by γ 1 , joining q 0 with q, and having the velocity vector at q 0 equal to the parallel translation along γ 0 of the vector wV for some constant w ∈ R. Since H 2 is totally geodesic in H and H is totally geodesic in H 4r ′ +3 2r ′ +1 , it follows that γ 1 is a geodesic in H 4r ′ +3 2r ′ +1 . Since the fibres are totally geodesic, we obtain that γ 1 is contained in π −1 (π(q)). Thus π(q 0 ) = π(q). Since γ 0 is a horizontal geodesic, π • γ 0 is a geodesic joining π(p) with π(q 0 ) = π(q), which has the initial velocity π * γ0 (0) ∈ T π(p) B ′ .
The geodesic π • γ 0 is contained in B ′ , because B ′ is totally geodesic. Hence π(q) ∈ B ′ . We proved that π(H) = B ′ Letπ : H → B ′ be the restriction of π to H. It is easy to see thatπ is a Riemannian submersion. We need to prove that the fibreπ −1 (π(p)) is totally geodesic in p. Let γ be a geodesic in H such that γ(0) = p andγ(0) ∈ T pπ −1 (π(p)) = kerπ * p . Then 0 =π * (γ(0)) = π * (γ(0)). Henceγ (0) is vertical. Since the fibres of π are totally geodesic, γ is contained in π −1 (π(p)). Therefore γ(t) ∈π −1 (π(p)) for every t ∈ R. Sinceπ :
is a Riemannian submersion with the fibreπ −1 (π(p)) totally geodesic in p, we get, by O'Neill's equations (see (9.29b) in [Bes] ) applied at p, that
for every X ∈H p , V ∈Ṽ p . So we get a contradiction.
From Lemma 3.12, we obtain the following proposition. (1) n = s = 2 t , r = r ′ = n − 1, B is isometric to H 2 t 2 t (−4) and t ∈ {1, 2, 3}. (2) n = 2 t , s = 0, r = r ′ = n − 1, B is isometric to H 2 t (−4) and t ∈ {1, 2, 3}.
Proof. If B has constant curvature, then the curvature of B is −4 and n = r + 1. By Lemma 3.12, we then get index(B) ∈ {0, dim B}. If index(B) = dim B, then, by Lemma 3.7, we obtain r = r ′ . Hence, by [Ran1] , we have (1). If index(B) = 0, then, by [Ba-Ia], we have (2). The idea of the proof in [Ran1] and [Ba-Ia] is to see that the tangent bundle of any fibre is trivial and that fibres are diffeomorphic to spheres, and then to apply a well-known result of Adams which claims that the spheres of dimensions 1, 3 and 7 are the only spheres with trivial tangent bundle.
The next theorems solve the equivalence problem of semi-Riemannian submersions from real and complex pseudo-hyperbolic spaces.
Theorem 3.14. If π 1 , π 2 : H n+r s+r ′ → B n s are two semi-Riemannian submersions with connected totally geodesic fibres from a pseudo-hyperbolic space of index s + r ′ > 1 and the dimension of the fibres is r ∈ {1, 3}, then π 1 and π 2 are equivalent.
for every α and i. In a manner similar to the proof of Theorem 3.3, we obtain φ(A 1E F ) = A 2φ(E) φ(F ) for every E, F ∈ T p H n+r s+r ′ . By Corollary 2.3.14 in [Wol] , φ extends to an isometry on H 
4s+3 → HH n s are semi-Riemannian submersions with totally geodesic fibres. We denote byÃ 1 , A 2 , A 1 , A 2 , A O'Neill's integrability tensors ofπ 1 ,π 2 , π 1 , π 2 , θ, respectively. In order to reduce the proof of the equivalence theorem of semi-Riemannian submersions from a complex pseudo-hyperbolic space to that from a pseudo-hyperbolic space, we need to establish relations among the integrability tensorsÃ 1 , A 1 , A.
First, we prove that θ * Ã1X Y = A 1θ * X θ * Y forπ 1 -basic vector fields X and Y . Let p ∈ H . Then {w 1 , w 2 , w 3 } gives an orthonormal basis ofṼ 1p . Since the induced metrics on the fibres ofπ 1 are negative definite, we havẽ Let X be theπ 1 -horizontal lifting along the fibreπ
We remark that v 3 =Ã 1X Y 3 is a θ-vertical vector field along the fibre θ −1 (θ(p)). Indeed, we have
Since v 1 , v 2 are orthogonal to the vertical vector field v 3 along θ −1 (θ(p)), we see that
and for i ∈ {1, 2}, we obtain that v 1 , v 2 are θ-basic vector fields along θ −1 (θ(p)). Thus
. Here h and v denote the θ-horizontal and θ-vertical projections, respectively. We also obtain that v∇
We shall prove thatÃ 1X v 3 = A X v 3 along θ −1 (θ(p)) for everyπ 1 -basic vector field X alongπ −1 1 (π 1 (p)). We first obtain along θ −1 (θ(p)) that
orthonormal basis ofH 1 along the fibreπ −1 1 (π 1 (p)) constructed as in Theorem 3.3, for the semi-Riemannian submersionπ 1 . From the proof of Theorem 3.3, we have
for j = l, and g(Ã 1Ã 1L j v 1 v 3 , L t ) = 0 for 0 ≤ j, t ≤ n − 1. We then obtain alongπ
from which followsÃ 1L j v 2 =Ã 1Ã 1L j v 1 v 3 . HenceÃ 1L j v 2 = AÃ By Corollary 2.3.14 in [Wol] , φ extends to an isometry f : H 4n+3 4s+3 → H 4n+3 4s+3 such that f (p) = q and f * p = φ. By the proof of Theorem 3.3, we have f * Ã1E F =Ã 2f * E f * F for every E, F ∈ T p H 4n+3 4s+3 . By the proof of Theorem 3.14 and by Theorem 2.4, f induces an isometry on CH is spanned by {θ * v ′ 1 , θ * v ′ 2 }, and sincef * (θ * v i ) = θ * v ′ i , for i ∈ {1, 2}, we see thatf * maps the π 1 -vertical space at θ(p) into the π 2 -vertical space at θ(q). Forπ 1 -horizontal vectors X and Y we obtainf * A 1θ * X θ * Y =f * θ * Ã1X Y = θ * f * Ã1X Y = θ * Ã2f * X f * Y = A 2θ * f * X θ * f * Y = A 2f * (θ * X)f * (θ * Y ).
Therefore, by Theorem 2.4, we see that π 1 and π 2 are equivalent.
Remark. We notice that our equivalence theorems can be applied, in particular, to Riemannian submersions from a sphere with totally geodesic fibres of dimension less than or equal to 3, and for Riemannian submersions with complex totally geodesic fibres from a complex projective space. Unlike those in [Esc1] , [Esc2] , [Ran1] , our proofs of the equivalence theorems are intrinsic, we do not need to assume the existence of any specific structure on the base space, such as complex or quaternionic one. In Theorem 3.15, we need to assume only that the fibres are 2-dimensional and that the induced metrics on fibres are negative definite.
Summarizing all results above, we now prove the main theorems.
Proof of Theorem 1.1. If s+r ′ > 1, then H n+r s+r ′ is simply connected and hence, by Theorem 3.3, B is an isotropic semi-Riemannian manifold and r ∈ {1, 3}. By Propositions 3.11 and 3.13, we see that the base space of the semi-Riemannian submersion is isometric to a complex pseudo-hyperbolic space if the dimension of fibres is one, or to a quaternionic pseudo-hyperbolic space if the dimension of fibres is 3. In Theorem 3.14 we solved the equivalence problem. The existence problem is solved by the explicit construction given in the preliminaries (see Examples 1 and 2).
If s + r ′ = 1, then either (i) s = 1, r ′ = 0, or (ii) s = 0, r ′ = 1.
(i) If s = 1, r ′ = 0, then, by the proof of Proposition 3.11, B has constant curvature.
By Theorem 3.3, (1) we get n = k(r + 1) ≥ 2, since r ≥ 1. Hence, by Lemma 3.12, there are no such semi-Riemannian submersions.
(ii) If s = 0, r ′ = 1, then π is a semi-Riemannian submersion from an anti-de Sitter space onto a Riemannian manifold. By [Mag] , π is equivalent to the canonical submersion π : H 2m+1 1 → CH m . This falls in the case (a).
Proof of Theorem 1.2. If the dimension of the fibres is less than or equal to 3, then, by Theorem 1.1, π is equivalent to the canonical semi-Riemannian submersions:
(a) H If we assume that the dimension of the fibres is greater than or equal to 4 and B is an isotropic semi-Riemannian manifold with non-constant curvature, then, by Proposition 3.11, B is isometric to CaH with connected totally geodesic fibres. We remark that the dimension of the fibres of π • η is greater than or equal to 4. Thus, by Theorem 1.2, we see that π • η is equivalent to the canonical semi-Riemannian submersion
